Weight Behavior of Irreducible Cyclic BWD-Codes  by Zanotti, J.-P.
FINITE FIELDS AND THEIR APPLICATIONS 2, 192–203 (1996)
ARTICLE NO. 0012
Weight Behavior of Irreducible Cyclic BWD-Codes
J.-P. ZANOTTI
G.E.C.T., Universite´ de Toulon et du Var, B.P. 132, 83957 La Garde Cedex, France
E-mail: zanotti@cythere.univ-tln.fr
Communicated by Oscar Moreno
Received February 21, 1995
In Langevin and Zanotti (1995), we introduced a new class of codes called
balanced weight distribution (BWD)-codes, with the remarkable property that their
weight distribution is balanced, i.e., there are the same number of codewords for
each non-zero weight. The aim of this paper is to study the weights of such codes
in the irreducible cyclic case. First we recall the fundamental property of BWD-
codes, and we start this study from a deep link between weights and Gauss sums.
We see that this particular situation is, roughly speaking, in opposition to those
studied by McEliece (1974). We give the weights for the two-weight case, and we
show that the weights of any N-weight BWD-code defined over Fq is completely
determined by the N weights of a BWD-code of dimension N defined over the
prime field Fp . The main result is on the asymptotic behavior of Gauss sums over
Fp , by means of a nice technique introduced by Rodier (1993).  1996 Academic
Press, Inc.
1. INTRODUCTION
The irreducible cyclic codes have been extensively studied by many
authors, see for example [McRu, BaMc, BaMy, LaZa, McE1, McE2, Nie,
SeWa, Wol]. The main problem is to determine the weight distribution of
such codes. Only a few cases are known and there are different ways to
approach this problem. The classical definition of an irreducible cyclic code
of length n over Fq is the following [MaSl]: it is a minimal ideal of the ring
Fq[X]/(X n 2 1), but this point of view is related to the definition of a
general cyclic code, and there exists a different way to determine the
weights. Another classical definition is given in [McE2] or [Nie], and this
will be the starting point of our study:
Let q be a power of a prime p, say q 5 ps and K 5 Fq . Consider an
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extension L of degree k of K. We denote by trL/K(x) (resp. NL/K(x)), or
simply tr(x) (resp. N(x)) when no confusion is possible, the trace (resp. the
norm) of an element x of L over K. If R is a ring, we denote by R3 the
multiplicative group of R. Let nd 5 qk 2 1 and consider the subgroup
G 5 h1, b, b2, . . . , bn21j of order n of L3, where b is a primitive nth root
of unity. Let eG: L R K n be the mapping defined by
eG(a) 5 (tr(ab0), tr(ab1), . . . , tr(abn21)). (1)
Then eG(L) is a K-subspace of K n of dimension rank (G), called an irreduc-
ible cyclic code and denoted by C(G). The mapping eG is called the encoding
map of the code. It is equivalent to find the different weights of the code
or to compute the hyperplane sections of the group G. Furthermore, this
problem is linked to the number of rational points of some Artin–Schreier
curves [Wol].
We denote by wt(u) the weight of an element u 5 (u1 , . . . , un) [ K n,
i.e., wt(u) 5 #hi; ui ? 0j. Then w1 , . . . , wN denote the N non-zero weights
of the code and A1 , . . . , AN the associated weight distribution, i.e.,
Ai 5 #hu [ C(G); wt(u) 5 wij. For a [ L, we denote by W(a) the integer
wt(eG(a)) and we set Z(a) 5 n 2 W(a).
DEFINITION 1.1. An N-weight linear code is called a balanced weight
distribution code, or simply a BWD-code of multiplicity A if there exists
an integer A ? 0 such that Ai 5 A for all i [ h1, . . . , Nj.
Clearly the multiplicity A is equal to (qk 2 1)/N. In [LaZa], we give a
construction of such codes in the class of irreducible cyclic codes. Through-
out this paper, we consider only irreducible cyclic codes and later, when
we say ‘‘BWD-code,’’ we mean ‘‘irreducible cyclic BWD-code.’’ The goal
of this paper is to study the weights of such codes.
EXAMPLE. The simplest BWD-code is the simplex code of length
qk 2 1, dimension k, with one weight (q 2 1)qk21.
2. FIRST PROPERTIES AND BOUNDS ON WEIGHTS
For a finite field K of characteristic p, we denote by K 3
`
the group of
multiplicative characters of K. We extend the definition of a multiplicative
character c to the whole field K, by c(0) 5 0. For c ? 1 and
zp 5 exp(2if/p), a primitive pth root of unity, we define the Gauss sum [LiNi]
GK(c) 5 O
x[K
c(x)z trK/Fp(x)p . (2)
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Now turn back to BWD-codes. We proved in [LaZa] that
THEOREM 2.1 (Langevin–Zanotti). Let C(G) be the irreducible cyclic
code defined over K by the subgroup G of order n of L3. Let H 5 (G ? K 3)'
be the annihilator of the group product G ? K 3. Then,
Z(a) 5
n
q
1
n(q 2 1)
q(qk 2 1) Oc[H c(a)GL(c). (3)
The code C(G) is a BWD-code with N weights of dimension k iff N 5 uHu
and N divides p 2 1. In this case, N divides k.
Remark 1. The equality (3) corresponds, in a slightly different form, to
that obtained by McEliece in [McE2]. It is very important to notice that
the different values of the weights depend only on the group H. For BWD-
codes, and this is a characterization, the condition Z(a) 5 Z(b) is equivalent
to b ? a21 [ G ? K 3. By orthogonality relations on characters, if h is the
order of H, we get h 5 uL3/G ? K 3u 5 (qk 2 1)(n, q 2 1)/n(q 2 1). Remark
that for p 5 2, the only BWD-codes are the simplex codes.
PROPOSITION 2.2. With the same hypothesis, we have
1
2Ïqk UW(a) 2 qk21(q 2 1)d U # (h 2 1)(q 2 1)2dq . (4)
Proof. If h is even, it suffices to note that the modulus of the sum (3)
(for non-trivial characters) is bounded by (h 2 1)Ïqk. Suppose now that
h is odd, say h 2 1 5 2l. The following proof is similar to that introduced
by Lachaud in [Lac] to prove Serre’s lemma. Denote by c a generator of
H; i.e., if l is a generator of L3
`
, then c 5 l(qk21)/h. By elementary properties
of Gauss sums and because H annihilates K 3, we have GL(c i) 5 GL(c i).
Let zi 5 c i(a)G(c i) and xi 5 2(zi 1 zi) 1 2Ïqk 1 1 for i [ h1, . . . , lj.
The Gauss sums GL(c i) are clearly integers of the cyclotomic field Q(zp ,
zh) 5 Q(zhp), where zn is a primitive nth root of unity in C. A Galois
automorphism st of Q(zhp)/Q, where (t, ph) 5 1, acts on zhp by st(zhp) 5
z thp (see [IrRo]). It is easy to prove that st(zi) 5 zit and therefore that
st(xi) 5 xit . Now it is clear that st(Pli51xi) 5 Pli51xi and this implies
Pli51xi [ Z. The xi’s are positive, then we have
1
l O
l
i51
xi $ lÏPli51 xi $ 1
and therefore oli51 (zi 1 zi) # (h 2 1)/22Ïqk. The other bound is
obtained with zi 5 2c i(a)G(ci). n
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Remark 2. If we do not take into account the integer part of (4), this
is the bound given by McEliece in [McE2]. In [Wol], J. Wolfmann has
obtained this bound by applying the Weil-Serre bound [Ser] to the Artin-
Schreier curve Yq 2 Y 5 aX h with genus g 5 (h 2 1)(q 2 1)/2.
3. WEIGHTS OF BWD-CODES
3.1. The Two-Weight Case
If we suppose that h 5 2, H annihilates the elements of the subgroup of
index 2 of L3 which is clearly (L3)2, i.e., the squares of L. Then the non-
trivial character of H is the quadratic character h and the value of the
Gauss sum GL(h) is known (see [LiNi, p. 199]). We obtain:
PROPOSITION 3.1. A two-weight BWD-code has length n 5
(qk 2 1)(n, q 2 1)/2(q 2 1), dimension k 5 2t and its weights are
w6 5
(n, q 2 1)(qt 6 1)qt 21
2
. (5)
Remark 3. Note that both weights of a two-weight BWD-code attain
the bound (4).
3.2. Divisibility of BWD-Codes
Let a [ L \h0j, b [ K \h0j, and let Na,b be the number of solutions of tr
aX h 5 b. It is easy to see that Na,b is equal to hZb(a), where Zb(a) denotes
the number of components of the codeword eG(a) which are equal to b.
We recall that a code is said to be qt-divisible if every non-zero weight is
divisible by qt and if there exists a non-zero weight not divisible by qt11.
PROPOSITION 3.2. An N-weight BWD-code of length n and dimension k
over K is qk/N21-divisible and every weight is divisible by (n, q 2 1)qk/N21.
Proof. Let f (X1, . . . , Xk) 5 tr (a(X1b1 1 ? ? ? 1 Xkbk)h) 2 b, where
(b1 , . . . , bk) is a K-basis of L. In this case, it is easy to prove that the
degree d of f (X) is equal to the q-ary weight of h, i.e., d 5 h because
h u p 2 1 and consequently h , q. By Ax’s theorem (see for example [Jol]),
the number of solutions of f (X) 5 0 is divisible by ql, where l is the greatest
integer such that l , k/d. Since the dimension is divisible by h, we have
l 5 k/h 2 1 and we know from Theorem 2.1 that N 5 h. A consequence
of [Lan] is that the weights are not divisible by a greater power of q.
Moreover, the group G contains the subgroup of order (n, q 2 1) of K 3;
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then from expression (1) and the K-linearity of the trace function, we obtain
the second assertion. n
Remark 4. This process applies on any cyclic code; in [Wol], Wolfmann
showed by means of the Mattson–Solomon transform, that the component
of a codeword of a cyclic code is also related to a trace polynomial for
which the support is known.
Clearly, this result on divisibility improves the bound (4). See also [McE1]
and [Lev] for the divisibility of general cyclic codes.
COROLLARY. With the same notations,
gcd(w1 , . . . , wN) 5 (n, q 2 1)qk/N21. (6)
Proof. This follows from the second Pless identity [Ple] which gives
oNi51wi 5 (n, q 2 1)qk21. n
3.3. Computation of Weights
In this section, we show by means of the Hasse–Davenport theorem that
the weights of any BWD-code defined over K depend only on Gauss sums
for characters defined over the field Fph, where h is the order of H. This is
‘‘classical,’’ see for example [McRu], but unlike the general case for which
it is necessary to compute some Gauss soms over K, for BWD-codes it is
enough to compute the values over the prime field Fp . On the other hand,
the technique of Fourier transforms allows us to obtain an equivalent to
the generating function of Baumert and Rumsey quite immediately [McRu,
BaMc]. We recall the Hasse–Davenport theorem [LiNi, p. 197]:
THEOREM 3.3. (Hasse–Davenport). Let Lr be an extension of degree r
of a finite field L1 , and c a non-trivial character of L31
`
. Then
GLr(c n NLr/L1) 5 (21)
r21GL1(c)
r. (7)
Let p be an odd prime, h be a divisor of p 2 1, and q 5 ps. Let k be a
multiple of h and r 5 (k/h)s. We are going to consider the fields K 5 Fq ,
L1 5 Fph, and Lr , the extension of degree r of L1 . Consequently, we have
[Lr : K ] 5 k.
Let Hr be the subgroup of order h of L3r
`
and H1 the subgroup of order
h of L31
`
. It is easy to prove that the mapping c [ H1 ° cq 5
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c n NLr/L1 [ Hr is one to one, then we have the following diagram:
L3r R L3r /H'r qQ
Z/hZNLr /L1 Q Q
Q
L31 R L31 /H'1
q
Q
Let ar be a primitive element of Lr , and a1 the related primitive element
of L1 such that a1 5 NLr/L1(ar). Consider the complex functions
gr: cq [ Hr ° GLr(cq) (8)
fr: x [ L3r /H'r ° ocq[Hr cq(x)gr(cq) (9)
wr: i [ Z/hZ ° fr(air) (10)
PROPOSITION 3.4. Let Fr(X) 5 o
h21
i50 wr(i)Xi, then
Fr(X) 5 S21h Dr21 F1(X)r (mod X h 2 1). (11)
Proof. From (8) and (9), the Fourier transform of fr in cq is fˆr(cq) 5
hgr(cq) and likewise fˆ1(c) 5 hg1(c). From the Hasse–Davenport relation,
we obtain for any character c of H1 , fˆr(c n NLr/L1) 5 h(21)
r21g1(c)r. Finally
fr 5 S21h Dr21 f [r]1 n NLr/L1 ,
where f [r]1 is the rth convolution product of f1 . n
Now we can apply this result to BWD-codes. The different equivalence
classes modulo the group H'r are airG ? K3 for 0 # i # h 2 1, and conse-
quently we suppose that the weights of the code are indexed by
wi11 5 W(air). An easy calculation gives the following result from expression
(3) and Proposition 3.4:
COROLLARY. Let C(n, k) be an N-weight BWD-code defined over K.
The weights of the code are
wi11 5 Sqk 2 ai S21N Dsk/N21 2 1D (n, q 2 1)Nq , 0 # i # N 2 1, (12)
where ai is the ith coefficient of the polynomial F1(X)sk/N (mod XN 2 1).
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TABLE I
Some Coefficients of the Polynomial F1(X) (Proposition 3.4), for p 5 3, 5, 7, 11, 13, 17
p N a0 a1 a2 a3 a4 a5
3 2 24 2
5 2 26 4
5 4 4 216 256 64
7 2 28 26
7 3 6 236 27
7 6 2204 236 216 1476 21044 2414
11 2 212 10
11 5 2100 1275 2650 2980 450
13 2 214 12
13 3 266 227 90
13 4 240 480 2300 2144
13 6 2378 22016 28568 792 2352 7812
17 2 218 16
17 4 2800 560 220 16
It is easy to compute the polynomial F1(X). It suffices to evaluate the
weights of the BWD-code of length n 5 ( pN 2 1)/N by the algorithm of
cycle representatives (see [MaSe] and [LaZa].) The bijection between the
weights and the Gauss sums over H allows us to recover the different values
of w1 by means of (3). Table I gives the coefficients of F1(X) for some
primes p and some divisors N of p 2 1.
EXAMPLE. Let p 5 7, s 5 2, q 5 ps 5 49 and k 5 3. We want to compute
the 3 weights of the projective BWD-code of length 817 and dimension 3
over F49 . With the notations of Proposition 3.4 and its corollary (the coeffi-
cients have been computed from the BWD-code of length 114 and dimen-
sion 3 over F7 , see Table I), we obtain
F1(X) 5 6 2 36X 1 27X2
2Ad F1(X)2 5 636 2 99X 2 540X2,
where F1(X)2 is calculated modulo X3 2 1. The coefficients of F2(X) are
636, 299, and 2540, and with (11) we get the following 3 weights of the
code C: 796, 801, and 804. The bound (4) gives 796 # w # 805.
Remark 5. The weights of an N-weight BWD-code are close to the
bound (4). This is not surprising because they are linked with the rational
points of the Artin–Schreier curves Yq 2 Y 5 aXh with genus
g 5 (h 2 1)(q 2 1)/2. This genus is small compared to the cardinality of
the field L, and it is well known that in this case the Weil–Serre bound,
which corresponds to (4), is tight.
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The aim of the next section is to study the behavior of the weights of
BWD-codes, in comparison with this bound.
4. ASYMPTOTIC BEHAVIOR OF WEIGHTS
We use the notations of previous sections and we assume that p is an
odd prime. Let c be a generator of H1 , the subgroup of L31
`
of order h
dividing p 2 1.
DEFINITION 4.1. We denote by (DPEq[N, m])m[N the family of N-weight
BWD-codes of dimension k 5 Nm, length n 5 (qk 2 1)/N over Fq .
We suppose henceforth that h is an odd prime and that l 5 (h 2 1)/2.
Let r be a generator of (Z/hZ)3 5 F3h and let p* 5 (21)( p21)/2p. Let T 5
hz [ C; uzu 5 1j and consider the following elements of T:
gi 5
GL1(c
ri)
Ï( p*)h
, i [ h1, . . . , h 2 1j. (13)
We recall that some reals u1 , . . . , ul are said to be Z-linearly independent
if and only if for any sequence u1 , . . . , ul of integers,
u1u1 1 ? ? ? 1 ulul 5 0 ⇒ u1 5 ? ? ? 5 ul 5 0. (14)
Then we may rewrite the theorem of Kronecker [HaWr, Sections 23.7,
23.8] as follows:
THEOREM 4.2 (Kronecker). Let g1 , . . . , gl [ T. If for any sequence
of integers u1 , . . . , ul
p
l
i51
guii 5 1 ⇒ u1 5 ? ? ? 5 ul 5 0, (15)
then the set (gr1 , . . . , grl )r[N is dense in Tl.
The condition (15) is called the multiplicative independence of the gi’s.
Now we want to determine when the gi’s defined in (13) satisfy (15). The
following technique was introduced by Rodier in [Rod] to prove that a
conjecture of MacWilliams and Sloane about the Carlitz–Uchiyama bound
was false [MaSl, research problem 9.5]. The case studied here corresponds
to a trivial case in the situation considered by Rodier.
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LEMMA 4.3. With the previous notations, and for a sequence u1 , . . . ,
ul of integers.
p
l
i51
guii 5 1 ⇒ p
l
i51
guii11 5 1. (16)
Proof. Let s be the Galois automorphism of Q(zhp)/Q(zp) such that
s(zh) 5 zrh . Then s(GL1(c
ri)) 5 GL1(c
ri11). The quadratic extension of Q
included in Q(zp) is Q(Ïp*); henceforth s(guii ) 5 guii11 . n
LEMMA 4.4. With the previous notations,
GL1(c
ri) 5 GL1(c
ri1l) (17)
Proof. We have already seen in Section 2 that GL1(c
ri) 5 GL1(c
2ri),
but r is a primitive element of (Z/hZ)3, i.e., rh21 5 1. Finally
GL1(c
2ri) 5 GL1(c
rlri). n
From the Stickelberger congruences [Jol], we know that there exists a
prime ideal P above p in the ring of integers of Q(zhp) and a valuation vP ,
such that vP(GL1(l
i)) 5 §p(i), where l is a generator of L31
`
and §p(i) is the
p-ary weight of i, i.e., the sum of digits of i in its decomposition in basis p.
This valuation verifies vP( p) 5 p 2 1. Set vi 5 vP(GL1(c
ri)), and denote
by si the integer such that ri ; si[h].
LEMMA 4.5. With the previous notations,
vi 5 si( p 2 1) (18)
Proof. We have c 5 l( p
h
21)/h, and we know that h u p 2 1. An easy
calculation gives the result. n
LEMMA 4.6. With the previous notations, let ai 5 2si 2 h for 1 # i # l
and ai 5 2ai2l for l 1 1 # i # h 2 1; then
p
l
i51
guii 5 1 ⇒ Ol
i51
ai1tui 5 0, for 0 # t # l 2 1. (19)
Proof. We apply the valuation vP to P
l
i51 guii and we obtain
vP Spl
i51
guii D5 Ol
i51
ui Svi 2 h2 ( p 2 1)D . (20)
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With Lemma 4.5, Pli51 guii 5 1 implies o
l
i51 aiui 5 0. Moreover from Lemma
4.4, we get vi 1 vi1l 5 h( p 2 1) and next ai1l 5 2ai . We achieve the proof
with Lemma 4.3. n
It is now clear that the independence of the gi is satisfied if and only if
|
a1
a2
.
.
.
al
a2
a3
.
.
.
2a1
. . .
. . .
.
.
.
. . .
al
2a1
.
.
.
2al21
| ? 0. (21)
The proof of the following theorem and its first corollary is similar to that
given in [Rod].
THEOREM 4.7. Let h be an odd prime dividing p 2 1 and
l 5 (h 2 1)/2. Let z be a (2l)th primitive root of unity. Let r be a generator
of (Z/hZ)3 and si the integer such that ri ; si[h]. Let
gi 5
GL1(c
ri)
Ï( p*)h
, 1 # i # l (22)
and
a(X) 5 Ol
i51
(2si 2 h)Xi. (23)
If a(z 2i21) ? 0, 1 # i # l, then the set (gr1 , . . . , grl )r[N is dense in Tl.
COROLLARY 1. If l is a power of 2, then a(z 2i21) ? 0, 1 # i # l. If l is
a prime and we do not have a1 5 2a2 5 a3 5 ? ? ? 5 al , then a(z 2i21) ? 0,
1 # i # l.
COROLLARY 2. With the same hypothesis as in the theorem, the weights
of the family (DPEq[N, m])m[N attain the bound (4) asymptotically.
Proof. If there exists an integer r such that the vector (gr1 , . . . , grl )
is close as desired to any element of Tl, this remains true for a vector of
the form (grs1 , . . . , grsl ) for any positive integer s ? 0. Then one can apply
the Hasse–Davenport relation (Theorem 3.3), if we recall that K 5 Fq with
q 5 ps. n
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Remark 6. This last corollary makes sense if we take into account the
divisibility of the weights (see corollary of Proposition 3.2 and Remark 3).
Note that for the family (DPEq[N, m])m[N , we have d 5 h in (4).
EXAMPLES 1. Consider a 3-weight BWD-code, i.e., N 5 3 ( p 5 7, 13,
19, 31, 37, 43, 61, 67, 73, 79 . . .). In this case l 5 1 and r 5 2 is a generator
of (Z/3Z)3. Then s1 5 2 and
a(X) 5 X.
The condition of the theorem is obviously satisfied.
2. Now consider a 13-weight BWD-code (it is the first non-trivial case
for which the answer is not given by Corollary 1), i.e., N 5 13 ( p 5 53,
79, 131, 157, 313, 443, 521 . . .). Then l 5 6 and once more r 5 2 generates
(Z/13Z)3. We obtain
a(X) 5 2X(11 1 9X 1 5X2 1 10X3 1 7X4 1 X5)
and it is easy to compute that the system a(X) 5 0, X6 5 21 has no solution
(the z 2i21 are the lth roots of 21).
Remark 7. The theorem says more than Corollary 2. Roughly speaking,
if the condition on the polynomial a(X) is satisfied, when the dimension
increases, any weight ‘‘oscillates’’ between the bounds of (4). It is important
to notice that the polynomial a(X) does not depend on the prime p. If h
is even, the result of Corollary 2 remains true because the exponential sum
Srh(aXN) 5 O
x[Lr
z trLr/Fp(aX
N)
is linked with the Gauss sums related to BWD-codes by [LiNi, p. 217]
Srh(aXN) 5 O
c[Hr\h1j
c(a)GLr(c)
and it is proven in [LaWe] that
lim sup
rRy
uSrh( f )u
Ïprh
5 h 2 1.
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